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Nash equilibrium (?)
and its inefficiency
Braess’s paradox 
Reading: Ch 8 of EK

Very first slide of this course
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Total # of cars = 4000
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Computational game theory

• How to model strategic interactions?
• How to compute solutions like NE and CE?

• Pure vs. mixed NE

• How worse off is NE compared to socially best?
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Congestion game

Terminology Example
Players Cars
Resources Edges in a road network
An action/pure strategy of a 
player = a subset of resources

A path in a road network

Cost of a resource
∝ # of players selecting it

Cost of an edge 
= # of cars using an edge

Cost faced by a player
= Total cost of resources used

Total cost of the path taken 
by the player
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Can you define a Nash equilibrium?
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1973
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Potential game

For any player:

the difference in the payoffs for two strategy 
profiles 
  is proportional to 

the difference in the potential function.
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What is a potential function?

• Global function: irrespective of players
• Cannot be payoff function in general

• Strategy profile à real number
• Not all games are potential games (meaning they 

don’t have a potential function)
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Computational significance

• Best response dynamics converges into a PSNE
• Running time is pseudopolynomial
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So, which games are 
potential games?
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Potential function (strategy profile A):

for each resource j used in strategy profile A:
 for i = 1 to # of players using resource j:
  accumulate cost of j when i players use j
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Theorem 3.2. Every finite potential game is 
isomorphic to a congestion game.
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Algorithms

• Pseudopolynomial-time best-response dynamics
• Symmetric networks: Polynomial-time network 

flow algorithm (Fabrikant et al., 2004)
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Weighted 
Congestion Games
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Weight or demand

• Each player has a weight
• Cost of a resource = function of the sum of the 

weights of the players using the resource
• Cost faced by a player: same as before
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Complexity

PSNE existence is NP-complete for weighted 
congestion games, even for constant number of 
players (Dunkel and Schulz, 2008)
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k-Dimensional 
Congestion Games 
(k-DCGs)
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UAI 2024
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• Players have k-dimensional demand vectors: 
width, length, weight, etc. of vehicles

• The cost of a resource is a real-valued 
function of the aggregate demand (sum of 
the demand vectors of the agents selecting 
it)
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CSP: Key idea

• In congestion games, the identify of the 
players doesn’t affect a player’s payoff as 
long as we know their choices of actions.

• So, what if we explore the “configuration 
space” (space of aggregated demands) 
instead strategy profiles?
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Primal CSP Dual CSP

Usual CSP for games
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Primal CSP Dual CSP

New CSP for congestion games
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Compare (b) and (d): Decoupling of players’ strategies in (d)
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CSP-based algorithm

Procedure 1: Compute the domains of dual 
variables vi,Y:

• What is player i’s best response to a given 
configuration y?

• Next, we search for a PSNE without 
computing the very expensive domain of vN,Y 
(strategy profiles consistent with y).
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CSP-based algorithm

Procedure 2: Search for a PSNE:
Given a configuration y, we obtain a PSNE 
under it when: 
(1) Each player plays their best response to y. 
(2) The resulting aggregate demand is y.
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CSP-based algorithm

Solution strategy: dynamic programming:
• Sequentially consider the players’ best 

responses to y.
• Ti(y' ) = 1 iff ∃ y'' s.t. Ti−1(y'') = 1, and we can 

go from y'' to y' by considering some best 
response of player i to y.
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Results
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